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Charge and spin response funtions for the Tomonaga model with quadrati
dispersion and dierent interations
Patri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∗
Institut für Theoretishe Physik, Universität Heidelberg, Philosophenweg 19, 69120 Heidelberg, Germany
We derive expressions for the harge and spin response funtion for the Tomonaga model with
quadrati dispersion and arbitrary (but nite for zero momentum) interation. For onstant inter-
ation these expressions are analyti and for other types of interation only a simple matrix has to
be diagonalised. We use a trunated expansion in partile-hole states with and without inlusion
of orrelations in the ground state yielding an exat result for pure intra-band interation. We also
disuss the possibility of power-laws in the dynami struture fator for the spinful and spinless
model.
I. INTRODUCTION
Low dimensional systems of interating eletrons are
an ative eld of researh, with the interation playing
a more dominant role than in higher dimensions. In his
famous 1950 work Tomonaga
1
found the exat solution
of suh a model system for one spatial dimension based
on the following assumption: If the range of the intera-
tion is muh larger than the inter-partile distane, the
quadrati energy dispersion an be linearised around the
Fermi points. Tomonaga found olletive exitations of
the eletroni density, i.e. plasmons as the low-lying ex-
itations of suh a system. The systemati extension of
this model is nowadays alled Tomonaga-Luttinger (TL)
model and disussed in many reviews
2
and books.
3
Quite reently, several authors attempted to go be-
yond this approximation and to inlude eets of the
non-linearity in the energy dispersion.
48
Of main inter-
est was the shape of the dynami struture fator (DSF)
where the plasmons of the TL model show up as simple
delta-peaks and hanges are expeted as broadening of
the peak
4
(orresponding to plasmon damping) or as the
appearane of power-laws.
57
A possible starting point for a disussion ould be given
by the random phase approximation (RPA) whih is
nothing else but linearised time-dependent Hartree the-
ory with the Hartree-Fok energies replaed by the non-
interating ones. This approximation beomes exat in
the limit of linear dispersion, yielding the exat solution
of the TL model. But it has been shown
8,9
only reently
as an insuient starting point for a disussion of the
above mentioned questions. An analyti solution for the
speial ase of a onstant interation has been derived
within a better approximation  the random phase ap-
proximation with exhange (RPAE) orresponding to lin-
earised time-dependent Hartree-Fok theory (TDHF).
The linearization of the dispersion leads to two linear
branhes instead of a single quadrati one. Eletrons on
the right branh are usually alled right-movers and those
on the left branh left-movers. Aordingly, one an dis-
∗
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tinguish interations between eletrons on the same and
on dierent branhes. In this work we make expliit use
of this distintion between inter-band and intra-band in-
terations. The shape of the interation under onsider-
ation is arbitrary with only one onstraint neessary for
Luttinger liquid phenomenology: the Fourier omponents
of the interation are nite and only non-zero for small
momenta.
3
After introduing response funtions in gen-
eral in Se. II, we fous on pure intra-band interations
in Se. III. The ground state turns out to be unorre-
lated (a Slater determinant) and exited states an be
expanded in partile-hole states. We derive simple ex-
pressions for the response funtions in the spinful and
spinless ase whih inludes the exat solution for small
momenta and is analyti for onstant interation. In the
following Se. IV also inter-band interations are taken
into aount on the RPAE level. For both models the
transition in the DSF between a urvature dominated
limit akin to the non-interating ase and the limit of
strong interation lose to the TL model are disussed.
We also onsider the possibility of power-law divergenes
in an intermediate regime. We lose this artile with
onluding remarks in Se. V.
II. RESPONSE FUNCTIONS
We onsider interating eletrons on a ring of length L.
In units where ~ = 1 this is desribed by a Hamiltonian
H =
∑
k
ǫkc
†
kck +
1
2
∑
k1k2k3k4
vk1,k2;k3,k4c
†
k1
c†k2ck4ck3 , (1)
where ǫk = k
2/2m denotes the non-relativisti quadrati
dispersion and vk1,k2;k3,k4 the matrix elements of the two-
body interation, ontaining a fator δk1+k2,k3+k4 ensur-
ing momentum onversation. A possible spin index σ is
inluded in k.
The quantities of interest are, rstly, the (generally
spin-dependent) density-density response funtion
10
χσσ
′
(x− x′, t) ≡ −iθ(t)〈[ρσ(x, t), ρσ′ (x
′, 0)]〉, (2)
where ρσ(x) is the density operator and σ = ±, whih
leads to a harge and spin response funtion in the spinful
2model denoted by
χ(c) ≡
∑
σσ′
χσσ
′
and χ(s) ≡
∑
σσ′
σσ′χσσ
′
, (3)
respetively. Seondly, the dynami struture fa-
tor S(q, ω) being related to the response funtion by
−π−1Imχ(q, ω) = S(q, ω) at T = 0 and by the u-
tuation dissipation theorem in general.
11
Swithing to
Fourier spae and using a spetral deomposition we in-
trodue spin-dependent partile-hole (ph) states
|q, σ〉 ≡ ρσ−q|0〉 =
∑
k
c†k+q,σck,σ|0〉, (4)
where |0〉 denotes the ground state to H , and get for the
response funtion at T = 0
χσσ
′
(q, ω) =
∑
n
[
〈q, σ|n〉〈n|q, σ′〉
ω − [En − E0]
−
〈q, σ′|n〉〈n|q, σ〉
ω + [En − E0]
]
(5)
where ω = ω + i0 and |n〉 denotes a omplete set of
eigenstates of H . Introduing states |s〉 = |+〉+ |−〉 and
|a〉 = |+〉 − |−〉 the harge and spin response funtions
an be written as
χ(c)(q, ω) = 〈s|χσσ
′
|s〉 and χ(s)(q, ω) = 〈a|χσσ
′
|a〉. (6)
These quantities shall subsequently be alulated in dif-
ferent approximations.
III. PURE INTRA-BAND INTERACTIONS
A. g4-model and Tamm-Dano approximation
Following Tomonaga, we assume the range of the inter-
ation to be muh larger than the inter-partile distane
or, equivalently, the Fourier omponents of the intera-
tion are non-zero only for small momenta (smaller than
some ut-o kc), v(k) 6= 0 for k ≤ kc ≪ kF . The in-
teration leads to exitations around the Fermi points
and one distinguishes two types of eletrons: right(left)-
movers orresponding to eletrons with momenta lose
to +(−)kF . We introdue g-ology notation
12
and de-
note interations involving only one sort of eletrons as
g4-proesses (intra-band interations) and those between
dierent types of eletrons as g2−proesses (inter-band
interations). Using this distintion the Hamiltonian is
a sum of the kineti energy H0 and interations H2 and
H4. Interestingly, for pure intra-band interations the
ground state of the interating system is still the Fermi
sea |FS〉, as an be seen by diret appliation of H4 to
|FS〉.
We will now fous on pure g4-interation and drop this
limitation in Se. IV. Within this frame we have om-
plete knowledge of the ground state and the exat exited
states an systematially be expanded in partile-hole
states. Suh a trunated expansion up to 1-ph ontribu-
tions is widely used in nulear physis and alled Tamm-
Dano approximation (TDA).
13
We write the ground
state as a Hartree-Fok (HF) state |0〉 = |HF〉, whih o-
inides with |FS〉 for the g4-model, and onsider exited
states ontaining 1- and 2-phontributions
|n〉 = |HF〉+
∑
αµ
c†αcµ|HF〉+
∑
αβµν
c†αc
†
βcµcν |HF〉 (7)
where α, β, . . . denote unoupied (|k| > kF ) and µ, ν, . . .
oupied (|k| ≤ kF ) one-partile states. For not too
strong interations the 1-ph exitations are most impor-
tant and higher orders yield only small orretions. An-
other important point for estimating the approximation
is the following. Using periodi boundary onditions the
momentum is quantised, q = mq · L/(2π). Thus, e.g. for
2-ph exitations, only those ombinations of momenta for
whih α+ β − µ− ν = q are involved. The overall num-
ber of possible n-ph exitations is the number of possible
partitions of a given number mq into a sum over n in-
teger partile momenta, whih is usually referred to as
partition funtion in the mathematial literature.
14
For
small mq the single and double ph exitations span the
most important part of the Hilbert spae. In partiu-
lar for mq = 8 only 1- and 2-ph-exitations are possible
and our approximation Eq. (7) yields the exat result
for pure intra-band interations. For mq = 20, whih is
the value for most of the numerial results in this paper,
these exitations make up half of the states spanning the
full Hilbert spae and higher exitations give only small
orretions.
B. Results
In a rst step we onsider single ph exitations
and extend this approximation in the next para-
graph. To make use of Eq. (5) we have to alu-
late ph-matrix elements of H − E0, where E0 = E
HF
0
sine the ground state is a Slater determinant as ex-
plained above. Using 〈HF|c†µ′cα′(H − E
HF
0 )c
†
αcµ|HF〉 =
〈HF|c†µ′cα′ [H, c
†
αcµ]|HF〉, one nds
〈α′µ′|(H − EHF0 )|αµ〉 = (ǫ
HF
α − ǫ
HF
µ )δαα′δµµ′ − v¯α′,µ;α,µ′ ,
where we introdued |αµ〉 ≡ c†αcµ|HF〉 as a short hand
notation and HF energies ǫHFk ≡ ǫk +
∑
k′ v¯k,k′;k,k′f(ǫk′).
At T = 0 the Fermi funtion f(ǫ) is a simple step funtion
Θ(kF−|k|). Writing momenta and spin indies expliitly,
this reads
〈HF|c†k′,σ′ck′+q,σ′(H − E
HF
0 )c
†
k+q,σck,σ|HF〉 =
(ǫHFk+q − ǫ
HF
k )δkk′δσσ′ +
1
L
[g4(q)− δσσ′g4(k
′ − k)] (8)
where the Fourier omponents g4(k) of the interation
are assumed to be non-vanishing only for small momenta
3|k| ≤ kc ≪ kF .The basi relation Eq. (5) an now be
written as an equation for the matrix elements of the
response funtion
∑
lσ˜
{
[ω − (ǫHFk+q − ǫ
HF
k )]δklδσσ˜
−[g4(q)− δσσ˜g4(k − l)]
}
χσ˜σ
′
lk′ = δkk′δσσ′ .
(9)
or equivalently in form of a matrix equation
(
ω − a −b4
−b4 ω − a
)(
χ++ χ+−
χ−+ χ−−
)
=
(
1 0
0 1
)
(10)
where (a)k,k′ = (ǫ
HF
k+q−ǫ
HF
k )δkk′ +[g4(q)−g4(k−k
′′)] and
(b4)k,k′ = g4(q). The harge and spin response funtion
are therefore given by
χ
(c)
g4,±(q, ω) =
∑
σσ′
χσσ
′
=
2χ±
1− g4(q)χ±
χ
(s)
g4,±(q, ω) =
∑
σσ′
σσ′χσσ
′
=
2χ±
1 + g4(q)χ±
,
(11)
leading to χ
(c/s)
TDA
= χ
(c/s)
g4,+ + χ
(c/s)
g4,− with the HF response
funtions χ±(q, ω) ≡ ∓
∑
kk′ [(ω ± a)
−1]kk′ . For a on-
stant interation g4(q) = g4(0)Θ(kc − |q|) the latter are
given by
χ±(q, ω) = −
1
2q˜
1
2πvF
ln
∣∣∣∣1 + α4 + q˜ ∓ ω˜1 + α4 − q˜ ∓ ω˜
∣∣∣∣ (12)
but in general have to be determined by diagonalisation
of a. The dimensionless quantities
αi =
gi(0)
2πvF
, q˜ =
q
2kF
, ω˜ =
ω
vF q
will be used throughout this paper. Figure 1 shows
the harge response funtion in 1-ph-TDA for xed
momentum q/(2kF ) = 0.1 and inreasing interation
strength. A transition from the box-like shape in the
non-interating ase to a single delta-peak as known from
the TL model is apparent. The HF-ontinuum moves to
higher energies with growing interation and looses spe-
tral weight to the plasmon peak. For onstant intera-
tion it is non-vanishing for frequenies 1 + α4 − q˜ ≤ ω˜ ≤
1 + α4 + q˜.
For the spinless ase the blok matrix equation (10) ol-
lapses to a matrix equation and the response funtion is
given by
χ
TDA
(q, ω) = χ+(q, ω) + χ−(q, ω), (13)
with χ±(q, ω) as dened above, i.e. simply the HF re-
sponse funtion if only 1-ph ontributions are inluded.
For the 2-phTDA the proedure is oneptionally
the same, but more ompliated matrix elements like
〈α′β′µ′ν′|(H−EHF0 )|αβµν〉 have to be alulated. Using
〈α′β′µ′ν′|(H−EHF0 )|αβµν〉 = 〈α
′β′µ′ν′|[H, c†αc
†
βcµcν ]|HF〉
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FIG. 1: Charge response funtion in TDA for α4 = 0.0
(dashed), α4 = 0.2 (dashed-dotted) and α4 = 0.4 (full line)
for quadrati g4(q) = g4(0)[1−q
2/k2c ] interation and onstant
momentum q˜ = q/(2kF ) = 0.1. The HF-ontinuum moves to
higher energies with growing interation strength and looses
spetral weight ompared to the emerging peak (inset). Cal-
ulations for mq = 2piq/L = 50. The nite width of the peaks
results from a nite imaginary part η = 2.5 ·10−3 whih leads
to a sum of Lorentzians instead of delta peaks as would be
the ase for η = 0.
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FIG. 2: Response funtion for the spinless model in TDA
inluding only 1-ph(irles)- and 1-ph+2-ph(squares) ontri-
butions for α4 = 0.2 and quadrati interation for onstant
momentum q/(2kF ) = 0.1. The additional 2-ph-terms result
in slight deviations only. Calulations for mq = 2piq/L = 20.
the ommutator and the resulting matrix elements have
to be alulated. Some details of this omputation are
presented in the appendix, we only give numerial results
and some general remarks in this setion. The harge and
spin response funtion keep the form given in Eq. (11) but
the funtions χ± dier, sine the dimension of a is muh
larger now. Figure 2 shows a omparison of the response
funtion for the spinless model with 1-ph and 1- and 2-
ph exitations inluded for α4 = 0.2 and q˜ = 0.1. For
small α4 the inlusion of 2-ph ontributions only slightly
4hanges the resulting response funtion. Most of these
additional exitations have very small weight and higher
order exitations do ontribute even less.
C. Disussion
The g4-model is quite remarkable onsidering the fat
that the interating ground state is still a HF state. Con-
entrating on low-lying exited states we an use the 1-ph
TDA to alulate response funtions and obtain numer-
ial exat results for small momenta. The results for
both harge and spin response funtion are analyti for
an interation onstant in momentum spae, and for -
nite interation of arbitrary form only a numerially un-
demanding matrix diagonalisation is neessary. Sine we
are interested in hanges due to nite urvature we fous
our disussion on the DSF where these eets are more
obvious than in the real part of the response funtions.
The single-ph exitations play the dominant role for weak
interation in a nite systems. Higher order exitations
do of ourse exist, but their inuene leads only to small
orretions as an be seen in Figure 2. Endorsed with
this ontrol over the quality of our approximations we
fous for the following disussion on these most domi-
nant ontributions only.
For xed momentum q one nds a transition from the
box-like shape of the DSF in the non-interating ase to
the dominane of a delta peak orresponding to the plas-
mon of the TL model. As already pointed out by Pirooz-
nia and Kopietz
4
there are two relevant limits: 1) van-
ishing urvature q˜ = q/(2mvF )≪ 1 or strong interation
α ≫ 1 and 2) strong urvature q˜ ≫ 1 or vanishing in-
teration α ≪ 1. For the shape of the DSF only the
ratio x ≡ α/q˜ of the two dimensionless quantities is im-
portant, leading to a box-like shape for x ≪ 1 and to
a dominant plasmon peak for x ≫ 1. In the parame-
ter regime between these simple limits a quite peuliar
shape appears for intermediate ratios x ≈ 1, the details
depending on the type of interation under onsidera-
tion (for a omparison of dierent interation forms for
otherwise onstant parameters f. Figure 5 below). The
DSF exhibits a divergene at the upper (lower) bound-
ary of the HF ontinuum for the harge (spin) response
funtion. This shows up as an emerging peak growing
in weight ompared to the ontinuum with inreasing in-
teration strength. Figure 3 shows a log-log plot of the
harge and spin response funtion in 1-ph TDA for x = 1
and x = 1/2, respetively. The two funtions exhibit a
power-law divergene at the respetive boundary where
the frequeny is determined by the zero of the denomina-
tor in Eq. (11). This piture breaks down for x≫ 1 and
in partiular for too strong interation. The peak then
separates from the HF ontinuum and power-law har-
ateristis is learly absent. Note that the neessary use
of a nite imaginary part turns the delta funtion peaks
into Lorentzians. These have a width of the order of η,
therefore a log-log plot is only reasonable down to that
0.01 0.1
| ω − ω
+/-
HF| / (vFq)
0.1 0.1
1 1
S(
s)  
(ω
) /
 S 0
1 1.2
ω / (vFq)
0
1
2
3S(
c)  
(ω
) /
 S 0
1 1.2
ω / (vFq)
0
2
4 S
(c)
 (ω) S(s) (ω)
FIG. 3: Charge (dashed) and spin (full line) response fun-
tion in 1-ph TDA lose to the upper or lower boundary of
the HF ontinuum in log-log plot for q˜ = 0.1 and quadrati
interation with α4 = 0.1 (harge response) and α4 = 0.05
(spin response), respetively. A power-law behaviour lose to
the respetive boundary is disernible. Insets: Charge and
spin response funtion. Calulations for mq = 2piq/L = 20
and η = 5 · 10−3.
sale, sine the expliit form of the Lorentzians appears
below it.
A similar behaviour holds in the spinless ase. A tran-
sition from the non-interating ase to a plasmon peak
of the TL model at a frequeny approahing ωTLq with
inreasing interation takes plae. For intermediate ra-
tios of q˜ and α4 a lear power-law behaviour shows up
(f. Figure 6 below). Pustilnik et al.
6
predited a power-
law divergene for the spinless model lose to the lower
boundary ω− of the non-interating ontinuum for the
DSF given by
S(q, ω)
S0(q, ω)
=
[
2q˜
ω˜ − ω˜−
]µ
, for 0 < ω − ω− ≪ q
2/m (14)
with an exponent µ = mepiq [g4(0) − g4(q)] ∝ x = α4/q˜ for
a short-ranged quadrati interation g4(q) = g4(0)[1 −
q2/k2c ] and independent of the inter-band interation g2.
The 'edge' of possible exitations is given by the lower
bound of the HF ontinuum ωHF− in our approxima-
tion, and an be given expliitly for onstant interation
gi = gi(0)Θ(q − |kc|) where it reads vF q(1 + α4 − q˜).
In ontrast to Pereira et al.
5
the exponents we nd are
not onsistent with the above mentioned preditions but
are usually smaller. This is depited in Figure 4 where
the exponent extrated from log-log plots of the DSF
in 1-ph TDA is shown for dierent values of the ratio
x = α4/q˜ along with the expeted values aording to
Eq. (14). For very small x, i.e. loser resemblane to the
non-interating ase, the agreement is good, but learly
deteriorates for x > 1. Note that this is not ompensated
by 2-ph ontributions sine they only tend to further de-
rease the exponent. In this respet our results onrm
the existene of a power-law, but with dierent exponents
50.5 1 1.5 2 2.5 3
x
0.2
0.4
0.6
 
−
 
µ
FIG. 4: Exponent for the divergene of the DSF for the spin-
less model as predited by Pustilnik et al.
6
(full line) aording
to Eq. (14) and extrated from log-log plots within 1-ph TDA
(irles).
and only within a limited parameter regime where x is of
order unity.
IV. INTER- AND INTRA-BAND
INTERACTIONS: THE FULL MODEL
The previous setion treated intra-band interations
only, i.e. we onsidered the pure g4-model. We now drop
this limitation and take also inter-band interations g2
into aount. We treat this full model within linearised
TDHF usually referred to as random phase approxima-
tion with exhange (RPAE). This amounts to a lear
improvement over single ph TDA. Correlations in the
ground state are now inluded and the exited states on-
tain more orrelations in a form that partile-hole states
an not only be reated but also annihilated
13
or as Fet-
ter and Waleka put it: TDA has one and only one
partile-hole pair present at any instant of time, whereas
the RPA permits any number of partile-hole pairs to be
present simultaneously.
15
We rst introdue the formal-
ism, then derive our results for the harge and spin re-
sponse funtion and lose this setion with a disussion
of the latter.
A. Formalism
The hange in partile-hole expetation values δ〈c†ka,σcka+q,σ〉 in linear order due to an external time-dependent
potential having Fourier omponents V σka+q,ka(ω) = V
σ
a (q, ω)/L an be written
8
δ〈c†ka,σcka+q,σ〉 =
1
L
f(ǫHFka )− f(ǫ
HF
ka+q
)
ω − (ǫHFka+q − ǫ
HF
ka
)
{
V σa (q, ω) +
∑
k′′σ′′
g2(q)δ〈c
†
k′′a¯ ,σ
′′ck′′a¯+q,σ′′ 〉
+
∑
k′′σ′′
[g4(q)− δσσ′′g4(ka − k
′′
a )]δ〈c
†
k′′a ,σ
′′ck′′a+q,σ′′ 〉
}
, (15)
from whih we get an equation for the response funtion matrix elements χσσ
′
kk′ (q, ω) ≡
∂δ〈c†
k,σ
ck+q,σ〉
∂V σ
′
k′+q,k′
.
17
In form of a
matrix equation using the projetion tehnique it reads


ω − a −b4 −b2 −b2
−b4 ω − a −b2 −b2
−b2 −b2 −ω − a −b4
−b2 −b2 −b4 −ω − a




χ++PP χ
+−
PP χ
++
PQ χ
+−
PQ
χ−+PP χ
−−
PP χ
−+
PQ χ
−−
PQ
χ++QP χ
+−
QP χ
++
QQ χ
+−
QQ
χ−+QP χ
−−
QP χ
−+
QQ χ
−−
QQ

 = diag(1). (16)
Introduing matries (A)σσ
′
k,k′ = (ǫ
HF
k+q − ǫ
HF
k )δkk′δσσ′ −
[g4(q) − δσσ′g4(k − k
′′)] and (B2)
σσ′
k,k′ = g2(q) the last
equation takes a simpler form
(
ω −A −B2
−B2 −ω − A
)(
χPP χPQ
χQP χQQ
)
=
(
1 0
0 1
)
. (17)
To alulate the harge and spin response funtion we
use the states |s〉 = |+〉+ |−〉 and |a〉 = |+〉− |−〉 dened
in Se. II. We thus have
χ
(c)
ij = 〈s|χij |s〉 and χ
(s)
ij = 〈a|χij |a〉 (18)
where i, j equal P or Q. The blok matrix B2 an a-
ordingly be written as B2 = g2(q)|s〉〈s|.
6B. Results
For the harge response funtion Eq. (17) an be solved
easily. We get two systems of two oupled equations read-
ing e.g.
(ω −A)−1 =
[
1 + (ω −A)−1B2(ω +A)
−1B2
]
χPP .
Multipliation from left with 〈s| and from right with |s〉
yields with the simple struture of B2 the PP -part (and
QP -part as well) of the RPAE harge response. Noting
that
〈s|(ω ±A)−1|s〉 =
2χ±
1− g4(q)χ±
= χ
(c)
g4,±(q, ω) (19)
the RPAE harge response reads
χ
(c)
RPAE
(q, ω) =
χ
(c)
g4,− + χ
(c)
g4,+ + 2g2(q)χ
(c)
g4,+χ
(c)
g4,−
1− [g2(q)]2χ
(c)
g4,+χ
(c)
g4,−
. (20)
These expressions are analyti for a onstant interation
and in general only the funtions χ±(q, ω) have to be de-
termined numerially. Note that g2- and g4-interation
enter expression (20) independently and an therefore be
treated ompletely independently. Figure 5 shows the
harge response funtion in RPAE for the galilei-invariant
model where g2(q) = g4(q) = v(q) for various types of in-
teration, speially for onstant vq = v0Θ(q − |kc|),
quadrati vq = v0(1− q
2/k2c) and exponential interation
vq = v0 exp(−|q/kc|). Note that these dierent forms
of the interation in momentum spae do not lead to
qualitatively dierent results, but the generi shape and
behaviour of the DSF is similar for all of them. For pure
intra-band interation, i.e. g2 ≡ 0 we reover the result
of Se. III.
For spinless eletrons the matrix equation (16) is onsid-
erably simplied by dropping the spin indies and one
nds for the RPAE response funtion
9
χ
RPAE
(q, ω) =
χ− + χ+ + 2g2(q)χ+χ−
1− [g2(q)]2χ+χ−
. (21)
where χ±(q, ω) = ∓
∑
kk′ [(ω ± a)
−1]kk′ .
For the spin response funtion the omponents of the
RPAE spin response funtion are needed, i.e. the fun-
tions 〈a|χij |a〉 where i, j equal P or Q. Due to the
symmetry of A the non-diagonal elements of χ
(s)
RPAE
van-
ish as the following reasoning shows. Consider χPQ =
(ωmega−A)−1B2χQQ and multiply by 〈a| from left and
|a〉 from right (analogous to the harge response), then
〈a|χPQ|a〉 = −g2(q)〈a|(ω −A)
−1|s〉〈s|χQQ|a〉
holds. The oeient on the rhs vanishes, sine the two
diagonal elements ω−a of ω−A are equal and A is sym-
metri. The same holds for the inverse and the expeta-
tion value 〈a| · |s〉 is nothing but the dierene between
the diagonal and o-diagonal elements.
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FIG. 5: Charge response funtion in RPAE for onstant
(full line) vq = v0Θ(q − |kc|), quadrati (dashed) vq =
v0(1 − q
2/k2c ) and exponential (dashed-dotted) interation
vq = v0 exp(−|q/kc|). Dimensionless interation strength
α = 0.25 and momentum q˜ = q/(2kF ) = 0.1 whih orre-
sponds to an intermediate relation between interation and
urvature of x = 2.5. Calulations for mq = 50 and -
nite width of the peaks results from a nite imaginary part
η = 2.5 · 10−3.
The RPAE spin response is thus blok diagonal and
only(
ω −A −B2
−B2 −ω −A
)(
χPP 0
0 χQQ
)
=
(
1 0
0 1
)
. (22)
has to be onsidered, yielding the simple solution
χ
(s)
RPAE
(q, ω) =
2χ−
1 + g4(q)χ−
+
2χ+
1 + g4(q)χ+
, (23)
whih oinides with the 1-ph TDA spin response fun-
tion. This result is again analyti for a onstant intera-
tion (and oinides with earlier results
8
in this ase) and
easy to alulate numerially for other types of intera-
tion. Note that the spin response funtion is ompletely
independent of inter-band interations, i.e. independent
of g2 and therefore has to be the same as in Se. III. For
inreasing ratio of the interation strength α over the di-
mensionless momentum q˜ a olletive spin mode emerges
whih arries most of the spetral weight and moves to
the frequeny predited by the TL model ωTLq,s = vF q.
C. Disussion
The full model shows a similar behaviour as the g4-
model: In varying the ratio x = α/q˜ of dimensionless
momentum q˜ and interation strength α2(4) we nd a
transition from a box-like shape (for x ≫ 1 akin to the
non-interating ase) and a dominant plasmon peak (for
x ≪ 1 lose to the preditions of the TL model). For
growing interation strength the peak approahes the fre-
queny given by the TL model: [ωTLq,c ]
2 = (vF q)
2[(1 +
72α4)
2− (2α2)
2] for the harge mode and [ωTLq,s ]
2 = (vF q)
2
for the spin mode. Again we nd strong indiations of
power-law behaviour for the harge and spin response
funtion for intermediate ratios x ≈ 1, now not only de-
pending on the form of the interation under onsidera-
tion but also on the strength of the inter-band interation
g2(0). This holds for the spinless model, too. Figure 6
shows the DSF for the spinless g4-model and the full spin-
less model for onstant momentum q˜ = 0.1. The inlu-
0.01 0.1
(ω − ω
−
HF) / (vFq)
1
S 
(ω
) / 
S 0
 
(ω
)
1 1.2
ω / (vFq)
1
S 
(ω
) / 
S 0
 
(ω
)
FIG. 6: Dynami struture fator for the spinless model in
1-ph-TDA (dashed) for α2 = 0.1, α4 = 0.0 and RPAE (full
line) for α2 = α4 = 0.1, both for q/(2kF ) = 0.1. Calulations
for mq = 100 and η = 5 · 10
−3
.
sion of g4-ouplings hanges the DSF quantitatively but
not the overall shape. But in ontrast to Pustilnik et al.
6
we nd a lear dependene of the exponent on inter-band
interation g2 in the spinless model. Furthermore their
exponent µ = mepiq [g4(0)− g4(q)] vanishes for onstant in-
teration, but the DSF in RPAE shows a qualitatively
similar behaviour as for quadrati interation inluding
a power-law divergene. As already disussed for the g4-
model this is only valid for parameters with x ≈ 1 and
the divergene goes over to the dominant plasmon peak
for values of x smaller than one.
V. SUMMARY
We have disussed harge and spin response funtions
for interating eletrons in one spatial dimension. We
went beyond the assumption of the TL model and in-
luded deviations from a stritly linear energy disper-
sion. We rst foused on pure intra-band interations
(g4-proesses), where the ground state is known to be a
simple Slater determinant and expanded the exited state
in ph exitations. Expressions for the response funtions
were derived and the DSF has been disussed. A lear
transition from the non-interating ase to the TL model
was found depending on the ratio of the dimensionless
momentum and the interation strength. For interme-
diate values indiations of power-law divergenes were
found but with exponents deviating from existing pre-
ditions.
The inlusion of inter-band interation in the full model
was realised within the RPAE and leads to quantitative
but no qualitative hanges. Again our examination of
power-law exponents ontradited existing suggestions in
the literature.
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APPENDIX: TDA MATRIX ELEMENTS
The matrix elements for the 2-ph TDA are
〈α′β′µ′ν′|(H − EHF0 )|αβµν〉 = 〈HF|c
†
ν′c
†
µ′cβ′cα′ [H, c
†
αc
†
βcµcν ]|HF〉. (24)
The ommutators are easily alulated: [T, c†αc
†
βcµcν ] = (ǫ
HF
α + ǫ
HF
β − ǫ
HF
µ − ǫ
HF
ν )c
†
αc
†
βcµcν and
[V, c†αc
†
βcµcν ] =
1
2
{ ∑
mnm′
v¯mn,m′αc
†
mc
†
ncm′cµ −
∑
mm′n′
v¯mµ,m′n′c
†
αc
†
mcn′cm′
}
c†βcν
+
1
2
c†αcµ
{ ∑
mnm′
v¯mn,m′βc
†
mc
†
ncm′cν −
∑
mm′n′
v¯mν,m′n′c
†
βc
†
mcn′cm′
} , (25)
8We hoose α > β and µ > ν (and similarly for other momenta) and nd after some lengthy alulation the matrix
elements
〈α′β′µ′ν′|(H − EHF0 )|αβµν〉 = (ǫ
HF
α + ǫ
HF
β − ǫ
HF
µ − ǫ
HF
ν )δαα′δββ′δµµ′δνν′ + v¯α′β′,αβδµµ′δνν′ + v¯µ′ν′,µνδαα′δββ′
−δαα′
[
v¯β′µ,βµ′δνν′ − v¯β′µ,βν′δνµ′ + v¯β′ν,βν′δµµ′ − v¯β′ν,βµ′δµν′
]
+δαβ′
[
v¯α′µ,βµ′δνν′ − v¯α′µ,βν′δνµ′ + v¯α′ν,βν′δµµ′ − v¯α′ν,βµ′δµν′
]
−δββ′
[
v¯α′µ,αµ′δνν′ − v¯α′µ,αν′δνµ′ + v¯α′ν,αν′δµµ′ − v¯α′ν,αµ′δµν′
]
+δβα′
[
v¯β′µ,αµ′δνν′ − v¯β′µ,αν′δνµ′ + v¯β′ν,αν′δµµ′ − v¯β′ν,αµ′δµν′
]
.
Moreover some mixed terms of the form 〈1ph|(H −EHF0 )|2ph〉 and 〈2ph|(H −E
HF
0 )|1ph〉 have to be alulated. Sine
the ommutators are known already this an be done easily and one obtains
〈α′β′µ′ν′|(H − EHF0 )|αµ〉 = v¯µβ′,µ′ν′δαα′ − v¯µα′,µ′ν′δαβ′ + v¯β′α′,αν′δµµ′ − v¯β′α′,αµ′δµν′
〈α′µ′|(H − EHF0 )|αβµν〉 = v¯µ′β,µνδαα′ − v¯µ′α,µνδα′β + v¯βα,α′νδµµ′ − v¯βα,α′µδνµ′ .
With these matrix elements the response funtions an be alulated numerially inluding 1-ph- and 2-ph-
ontributions.
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This an be seen expliitly for the solution of Eq. (10),
where χ++ = χ−− and χ+− = χ−+ holds. Therefore
〈a|(ω − A)−1|s〉 = χ++ − χ−− + χ+− − χ−+ = 0.
17
Distinguishing partile and hole momenta α, β, . . . and
µ, ν, . . . shows that the inlusion of g2-interations means
allowane of hole-partile ontributions whih simply
means that ph exitations an also be annihilated. This an
be seen by splitting density utuations δρ in δρph+ δρhp.
Matries with the following elements appear in Eq. (17)
(B2)αµ,α′µ′ ∝ δα+α′,µ+µ′
ˆ
g2(α− µ) − g2(α− µ
′)
˜
(A)αµ,α′µ′ ∝ δα+µ′,α′+µ
ˆ
g4(α− µ) − g4(α− α
′)
˜
.
Where δα+α′,µ+µ′ is only non-vanishing if momenta with
and without prime stem from dierent Fermi points.
